Introduction
Water management is one of the critical operation issues in proton exchange membrane fuel cells ͑PEMFC͒. Spatially varying concentrations of water in both vapor and liquid form are expected throughout the cell because of varying rates of production and transport. Water emanates from two sources: the product water from the oxygen-reduction reaction in the cathode catalyst layer and the humidification water carried by the inlet streams or injected into the fuel cell. Several transport mechanisms in the cell affect water distribution. In the membrane, primary transport is through ͑i͒ electro-osmotic drag associated with the protonic current in the electrolyte, which results in water transport from anode to cathode; and ͑ii͒ diffusion associated with water-content gradients in the membrane. One of the main difficulties in managing water in a PEMFC is the conflicting requirements of the membrane and of the catalyst-gas diffusion layer. On the cathode side, excessive liquid water may block or flood the pores of the catalyst layer, the gas diffusion layer or even the gas channel, thereby inhibiting or even completely blocking oxygen mass transfer. On the anode side, as water is dragged toward the cathode via electroosmotic transport, dehumidification of the membrane may occur, resulting in deterioration of protonic conductivity. In the extreme case of complete drying, local burnout of the membrane can result. Devising better water management is therefore a key issue in PEMFC design, and this requires improved understanding of the parameters affecting water transport in the membrane.
Polymer membranes commonly used in PEMFCs, such as Nafion, are, in general, impermeable to most gases except water; thus, transfer of water across the membrane can be considered as the only mass transfer that takes place between the anode and cathode. It is this mass transfer, in addition to heat transfer, that makes analysis of the transport phenomena in a PEMFC complicated. Water transfer across the membrane not only changes the mass concentration distribution of gas species in the fuel cell but also affects heat transfer in the entire cell because the membrane conductivity is a function of water content in the membrane. The ohmic losses prescribed by water distribution, in turn, affect electric potential distribution in the cell as well as local consumption rates of oxygen and hydrogen. Because of these couplings, understanding of water transfer across the membrane is also required for devising effective heat management of PEMFCs.
The topic of water transport in polymer electrolyte membranes has been the subject of numerous investigations, either focused solely on the membrane or as part of fuel-cell models and simulations. Membrane models can be categorized in terms of mathematical formulation, i.e., those written in the form of a flux equation and those cast in the form of conservation equations. In the former case, the membrane is considered as a single domain, transport is taken to be essentially one-dimensional ͑1D͒, and water fluxes are obtained on the domain boundaries. Models in this category are further divided into two groups ͓1͔: ͑i͒ hydraulic models based on the Schlögl equation, and ͑ii͒ diffusion models based on a phenomenological equation derived using Onsager's reciprocal theory. Examples of hydraulic models include Bernardi and Verbrugge ͓2͔, Gurau et al. ͓3͔, Eikerling et al. ͓4͔, Singh et al. ͓5͔, and Berning and Djilali ͓6͔. In general, phenomenological models describe the flux as the balance arising from several driving forces, e.g., electro-osmotic drag, water diffusion, and pressure difference. Diffusion models appear to be more popular ͓7-13͔. We note that for the flux equation based on the diffusion model, approximate solutions are often used in simulations because of the complexity of property variations of the membrane.
In fuel-cell models implemented using computational fluid dynamics ͑CFD͒ techniques, including water transport into the conservation equations, has the advantage of allowing the use of a single continuous domain to solve the problem. Um et al. The microscopic mechanisms of water transport in polymer electrolyte membranes and their macroscopic representation are the subject of ongoing debate. In the present paper we adopt the phenomenological approach to establish a framework for CFD simulations because of its mathematical simplicity and the availability of experimental data for the macroscopic transport properties required in such a model. Although phenomenological models have been proposed for some time, a systematic analysis and assessment on such models, which is particularly important for CFD implementation, has not been performed. The objectives of the present study are to perform such an analysis and to investigate the implications for multidimensional CFD-based implementation.
Model Equation and Numerical Solution
The generalized transport equation for water based on the phenomenological model can be written as
The variable c w represents the number of water molecules per sulfonic acid group. The Schlögl equation used in hydraulic models can be considered a special case of Eq. ͑1͒ when the diffusion term vanishes under saturated conditions on both sides of the membrane. The permeability of water in the membrane is, in general, much smaller than the drag and diffusion terms. Neglecting the pressure term and rewriting Eq. ͑1͒ in conservation form, we have
For a 1D configuration, Eq. ͑2͒ can be solved if the current density is known, and if either ͑a͒ the water content and flux are prescribed at each boundary or ͑b͒ the water content is known and prescribed at both boundaries. Springer et al. solved the problem with condition ͑a͒. For CFD simulations, the water flux is not usually known a priori, therefore, in the present study Eq. ͑2͒ is solved with Dirichlet conditions on the membrane surface ͑cf. The transport properties of the membrane are primarily functions of water content and temperature. A uniform temperature is assumed in the calculation. We note that the solution of Eq. ͑2͒ is bounded by the boundary conditions, i.e., the maximum and minimum must appear on the boundaries. This can be proven first by assuming there exists a maximum within the membrane, and the gradient of water content at this point is then zero. From Eq. ͑2͒ we have
Since there is only one flux value for the membrane and Eq. ͑6͒ applies to both boundary values, this leads to
which negates the assumption that there exists a maximum within the membrane. When a solution is obtained using the given boundary conditions in a fuel-cell problem, the flux required by the membrane part may not be available from the region outside of the membrane because of mass-transfer limitations from the sources near the membrane; for instance, for a dry anode when water in the gas channel is less than the predicted flux in the membrane, or for a nearly flooded cathode when further water removal from the membrane to the cathode is not possible. Under such conditions, the solution approach should change back to the aforementioned condition ͑a͒, i.e., use of a prescribed value and the limiting flux. In the present study, such limit case conditions are not considered. The discretized form of Eq. ͑2͒ is solved numerically using the classical tridiagonal matrix algorithm ͑TDMA͒. The properties reported by Springer et al. ͓7͔ are used in the baseline calculations. Only partially saturated boundary conditions are considered in order to avoid the so-called Schröder paradox, i.e., the jump in the number of water molecules between liquid water and vapor equilibrated states. The water content in the electrolyte phase is related to water activity via c w = 0.043 + 17.81a − 39.85a 2 + 36a 3
͑8͒
For the vapor phase on the membrane surface the water activity is equal to the relative humidity. The drag coefficient is expressed as a linear function of water content
We note that Zawodzinski et al. ͓18͔ reported a unity drag coefficient when Nafion is equilibrated with water vapor. The diffusion coefficient given by Springer et al. ͓7͔ is written as
where s = 0.126 is the swelling factor and DЈ is fitted piecewise as 
ͪͬ ͑12͒
͑cf. Fig. 4͒ , which is higher than that reported by Sone et al. ͓20͔.
The resistance of the membrane is calculated by
Membrane density m = 2000 kg/ m 3 and equivalent weight M w = 1.1 kg/ mol are used in the calculation. Temperature is set to at 353 K unless otherwise specified.
An analytical solution for the generalized water transport equation ͑1͒ without the pressure-gradient term is also derived in the present study for validation of the numerical solution of ͑2͒. Assuming a general form for the water flux across the membrane, J = f͑c w ,T͒ + g͑c w ,Tٌ͒c w ͑14͒
Rearranging and integrating ͑14͒ and using the fact, as shown earlier, that water content varies monotonically across the membrane, we obtain an analytical solution for the flux in an implicit form
The solution for J is the root satisfying a function defined by
Root-finding methods, such as the Newton-Raphson method, can be used to solve for J in ͑16͒. The derivative with respect to flux J in ͑16͒, which is required when the Newton-Raphson method is used, can be expressed as
Once the flux is calculated, the water-content profile in the membrane can be calculated from
The membrane resistance can then be calculated by substituting the differential form of ͑18͒ into ͑13͒ for dz, i.e.,
A numerical integration routine is required for Eqs. ͑17͒-͑19͒.
One of the advantages of the analytical solution over the discretized solution is that no grid is required, and grid resolution plays no role in the solution accuracy. A similar analytical approach was recently reported by De Francesco et al. ͓21͔, which included the flux term due to pressure gradient and expressed the transport equation in a dimensionless form.
Results and Discussion
We first validate the finite-volume solution by comparing the numerical and analytic water profiles in Fig. 5 , using the properties given in Springer et al. ͓7͔. The numerical results using 200 uniform grids across the membrane are found to be in very close agreement with the analytical solution. Figure 6 shows the predicted water-content profiles using several different expressions for the water diffusion coefficient. The boundary conditions are chosen to include the peak of D w for the Springer-type diffusion In this example, the water content is set at an extremely low value on one side of the membrane in order to demonstrate the impact of diffusion-coefficient correlation on the numerical predictions. Table 1 lists the predicted flux and IR ͑ohmic͒ loss of the membrane. The water profiles calculated using the Springer-type diffusion coefficient are similar in shape, with a minimum gradient near the water content corresponding to maximum D w values. The flux and IR loss calculated using similar diffusion coefficient curves ͑cf. Motupally ͓19͔ versus present study͒, still show noticeable differences. It is interesting to note that for the Springer-303 K case and the NguyenWhite case, even though the diffusion coefficients are in the same range, the calculated fluxes and IR losses are quite different. This is because at low c w , diffusion dominates water transport in Springer's model, whereas drag is dominant in Nguyen and White's model. As a result, the diffusion-dominated case yields a negative flux ͑from cathode to anode͒ and the drag-dominated case yields a positive flux. The profile obtained using the FullerNewman curve ͑note different scale in Fig. 3͒ is another example of a diffusion-dominated case. From Table 1 , one can see that when c w,c Ͼ c w,a , higher diffusion produces a higher flux from cathode to anode and lower IR losses. For the Springer case at 303 K, the IR loss is higher than that at 353 K by a factor of 2.5. This increase is higher than that due to the temperature factor alone, ͑ca. 1.8 from Eq. ͑12͒͒. The additional increase is mainly due to the lower c w profile associated with the lower diffusion coefficient for the 303 K case. Figure 7 shows the water-content profiles calculated over a range of current densities. With increasing current density, the relative strength of the drag term over the diffusion term in Eq. ͑2͒ increases. For the case of c w,c Ͼ c w,a , as current density increases, the c w profile shifts toward the cathode side because of the drag. As a result, the membrane resistance increases ͑cf. Fig. 8͒ . As the drag term becomes stronger, water transport from cathode to anode decreases, i.e., the water flux becomes less negative. Even with the nonlinear profiles in Fig. 7 , the IR loss, and likely the cell voltage on the polarization curve too, appears to vary quasilinearly with current density. Figure 9 shows predicted flux and membrane resistance versus membrane thickness for two different water contents c w,a at the anode. As shown in Eq. ͑2͒, increasing membrane thickness reduces the strength of diffusion and this has similar effects when c w,a is increased for a fixed c w,c . For the case c w,a = 1, over the membrane-thickness range tested, the water flux is all negative, whereas for the case of c w,a = 7, the drag term begins to balance the diffusion term at ca. 85 m and the water flux becomes positive from this point on. Figure 10 compares water-content profiles for opposite boundary conditions for two membrane thicknesses. Unlike the case discussed thus far for c w,c Ͼ c w,a and in which drag opposes diffusion ͑denoted as dragϫ diffusion͒, when c w,a Ͼ c w,c , the diffusive transport is in the same direction as the drag term ͑denoted as drag//diffusion͒. The effect of the direction of drag with respect to diffusion becomes clear if we flip curve A ͑drag//diffusion͒ in Fig. 10 and compare this curve ͑AЈ͒ to profile B ͑dragϫ diffusion͒. For drag//diffusion, the water content profile is always higher than that of dragϫ diffusion. The membrane resistance is therefore lower for the drag//diffusion case. For the thinner membrane ͑Nafion 112͒ in Fig. 10 , the effect of drag and diffusion direction is similar but less pronounced because diffusion is inherently stronger than drag for the thin membrane. The point where the water flux changes direction is of interest for design and operation; it is clear from the discussion that this point depends on a number of factors. Because of the nonlinear properties, simple dimensionless parameters to determine the transition point are not readily obtainable, but the data can be conveniently presented in the form of two-dimensional ͑2D͒ maps. Figures 11͑a͒ and 11͑b͒ show the flux prediction map for a current density of 10,000 A / m 2 subject to a wide range of humidity boundary conditions for Nafion 117 and 112, respectively. For Nafion 117, the flux is positive ͑anode to cathode͒ for most conditions, except for a small portion on the map corresponding to a sufficiently high water content difference. This highlights the need for humidification when using thick membranes, such as Nafion 117. For a thin membrane, such as Nafion 112, a good portion of the map exhibits a negative water flux. Since the humidity on the membrane surface is mainly dependent on the humidity in the gas channel, this suggests that if the flow-field plate is designed care- fully to take advantage of the characteristics shown on this flux map, effective water management could, in principle, be achieved with little humidification. Because the water transport problem involves complex and rapid property variations that have the potential of inducing numerical instabilities, some CFD-based models for PEMFC rely on an approximate solution to account for the water flux on both sides of the membrane. A common approximation for the flux is given by
where the average water content used to evaluate membrane properties is c w = c w,a + c w,c 2 ͑21͒
The drag term in Eq. ͑20͒ is a reasonable approximation for a linear or constant drag coefficient. The approximate diffusion term, however, can be problematic near water content where large variations in the diffusion coefficient occur or for cases with a large difference in the humidification between anode and cathode.
To assess the error in the solution based on the approximate form, we define a relative error based on the maximum flux, defined as the sum of the absolute value of the two terms in the flux equation
where
J ref is the "exact" numerical solution, and J approx is the flux evaluated using Eq. ͑20͒. Figures 12͑a͒ and 12͑b͒ show the relative error defined as Eq. ͑22͒ for Nafion 117 and Nafion 112, respectively. Near the diagonal line ͑equal humidity conditions at anode and cathode͒ the error is small. The error becomes increasingly higher as we move away from the equal humidity conditions, and the error map exhibits two local maxima in the vicinity of RHA = 0.7 for low RHC, and RHC= 0.7 for low RHA. Since the error in the drag term is smaller, the relative error stems primarily from the diffusion term. From Figs. 2 and 3 one can see the RH for maximum D w is roughly RHϷ 0.5. Because the diffusion term depends on the product of D w and the gradient of c w , a local error maximum is attained at RH= 0.7. A similar error-map pattern is observed for Nafion 112 in Fig. 12͑b͒ , but on average the error is larger for the Nafion 112 case because of the higher relative strength of diffusion over drag. For Nafion 117, most of the flux on the map is positive, i.e., the flux is underestimated by the approximate solution. For Nafion 112, in addition to the error in magnitude of flux, there are also conditions where the approximate solution predicts flux in the opposite direction with respect to the actual flux direction.
Conclusions
In this paper we reported on an analysis of water transport and management of PEMFCs based on the numerical solution of a phenomenological transport equation accounting for electroosmotic drag and diffusion. An analytical solution based on a generalized form of the transport properties is also derived and used to validate the numerical model. The solutions of the transport equation indicate that water transport through the membrane is determined by the relative strength of the drag and the diffusion term, which is affected by parameters, such as membrane thickness, as well as operating conditions, such as relative humidity ͑RH͒ at the membrane boundaries and current density.
For a thick membrane, such as Nafion 117, the flux map shows that under most RH conditions the water flux is positive, indicating the need for humidification on the anode when operating the fuel cell. For a thin membrane, such as Nafion 112, negative water flux may occur under certain conditions. Since the protonic conductivity of the membrane is a function of water content, the impact on membrane resistance because of water transport is significant. When the water content of the membrane on the anode side is lower than that on the cathode side, the overall membrane resistance increases with increasing current density. On the other hand, when the conditions are reversed such that the humidification is higher on the anode side and both drag and diffusion are in the same direction, the overall membrane resistance decreases with increasing current density.
The present study is part of a program aimed at developing comprehensive CFD simulation tools for PEMFCs. The error analysis presented in this paper shows that approximate formulations typically used in CFD models result in significant errors in estimating water fluxes in the presence of either large gradients of water content or significant variation in the diffusion coefficient. The analytical solution presented in this paper can be implemented into a CFD code to replace discrete solutions and to ac- The analytical solution can also be incorporated in simplified, along-the-channel types of fuel-cell models.
